RIESZ POTENTIALS, BESSEL POTENTIALS AND 
FRACTIONAL DERIVATIVES ON BESOV-LIPSCHITZ 
SPACES FOR THE GAUSSIAN MEASURE. 



A. EDUARDO GATTO, EBNER PINEDA, AND WILFREDO O. URBINA 

Abstract. In [5^ Gaussian Lipschitz spaces Lipa{'^d) were con- 
sidered and then the boundedness properties of Riesz Potentials, 
Bessel potentials and Fractional Derivatives were studied in detail. 
In this paper we will study the boundedness of those operators on 
Gaussian Besov-Lipschitz spaces -Bp ^(7^). Also these results can 
be extended to the case of Laguerre or Jacobi expansions and even 
further to the general framework of diffusions semigroups. 



1. Introduction 
On let us consider the Gaussian measure 

(1.1) 7rf(x) = -^dx, xeR'' 
and the Ornstein-Uhlenbeck differential operator 

(1.2) L = ^A,- (x,V.). 

Let u = {i>i, ...,i>d) be a multi- index such that Ui > 0,i = 1, ■ ■ ■ ,d, 
let z/! = ni=i'^i') H = Z]i=i^^i) 9i = for each 1 < i < d and 
d'^ = di^...d^/, consider the normalized Hermite polynomials of order 
V m d variables, 

(1-3) M.)^^^n(-ir-^'|^(e-?,, 

it is well known, that the Hermite polynomials are eigenfunctions of 
the operator L, 

(1.4) Lhy{x) = - \u\ hy{x). 
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Given a function / G L^{'^d) its z/-Fourier-Hermite coefficient is defined 
by 

h^) =< f^h^ >^d= / f{x)K{x)-fd{dx). 

Let Cn be the closed subspace of L'^i'jd) generated by the hnear com- 
binations of {hi, : = n}. By the orthogonahty of the Hermite poly- 
nomials with respect to 7^ it is easy to see that {Cn} is an orthogonal 
decomposition of L^(7rf), 



n=0 



this decomposition is called the Wiener chaos. 

Let Jn be the orthogonal projection of L'^i'jd) onto Cn, then if / G 

Jnf = 

W\=n 

Let us define the Ornstein-Uhlenbeck semigroup {Tt}^^^ as 

(1-5) = 1 ,-,.y„ l/'"^ f(y)^y 

The family {Tt}j>Q is a strongly continuous Markov semigroup on 
L^(7d), 1 < p < C)0, with infinitesimal generator L. Also, by a change 
of variable we can write, 



L6) Ttf{x)= /(Vl-e~2*M + e-*x)7dW. 



Now, by Bochner subordination formula, see Stein [TT] page 61, we 
define the Poisson- Hermite semigroup {Pt}t>Q 

1 /""^ e~" 



Prom flLSI) we obtain, after the change of variable r = e *^/^", 



P,m = ' I r, exp(tV41ogr)e^P^^M 

27r('^+i)/2 4 Jo (-logr)3/2 (l_r2)'i/2 J^^^^^ 

(1-8) = /" 
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with 

^ 1 exp(tV41ogr)exp(^3^J rf, 
^i.yj p\i,J.,y) 27r('^+i)/2 (-logr)3/2 (l _ r2)'^/2 r' 

Also by the change of variable s = t'^/Au we have, 

(1.10) PJix) = ^ ^Tty,J{x)du= TJ{x)^xf'^\ds), 

Jo Vu Jo 

where the measure 

is called the one-side stable measure on (0, oo) of order 1/2. 

The family {-Pt}^>Q is also a strongly continuous semigroup on 1.^(7^), 

1 < p < 00, with infinitesimal generator — (— L)^/^. In what follows, 
often we are going to use the notation 

u{x,t) = Ptf{x), 

and 

u^'\x,t) = ^PJ{x). 
Observe that by (11. 4p we have that 

(1.12) TtKix) = e-'^^'^Kix), 
and 

(1.13) PtK{x) = e-'^\K{x), 

i.e. the Hermite polynomials are eigenfunctions of Tf and Pt for any 
t > 0. 

The operators that we are going to consider in this paper are the 
following: 

• For P > 0, the Fractional Integral or Riesz potential of order /3, 
Ij, with respect to the Gaussian measure is defined formally as 

(1.14) = {-L)-^/'no, 

where, Uof = / - / f{y)^d{dy), for / G ^^(7^). That means 
that for the Hermite polynomials {h/j}, for > 0, 

(1.15) IpK{x) = ^ .^ K{x), 
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and for z/ = 0, 1 13 (ho) = 0. Then by linearity can be extended 
to any polynomial. 

Now, it is easy to see that if / is a polynomial, 



1 



00 



(1.16) Ipfix) = f^J^ t^-\Ptf{x) - P^fix)) dt. 

Moreover by P. A. Meyer's multiplier theorem, see [7J or [17J, 
Jq admits a continuous extension to U'ipfd)-, 1 < p < 00, and 
then (I1.16P can be extended for / e L^^'jii)- 

• The Bessel Potential of order /3 > 0, ^T/j, associated to the 
Gaussian measure is defined formally as 

:i.i7) j^ = (i+^)-p^ 

meaning that for the Hermite polynomials we have, 

JpK{x) = ^ K{x). 

(1 + 

Again by linearity can be extended to any polynomial and 
Meyer's theorem allows us to extend Bessel Potentials to a 
continuous operator on L^^'yd), 1 < p < 00. It can be proved 
that the Bessel potentials can be represented as 

1 df 
:i.l8) J,f{x) = f^J^ t^e-'PJ{x)j. 

Moreover {Jf5}j3 is a strongly continuous semigroup on LPi^d), 
1 < p < 00, with infinitesimal generator | log(/ — L), see [3]. 

• The Riesz fractional derivate of order a > with respect to the 
Gaussian measure Z)°, is defined formally as 

;i.l9) = {-Lf'\ 

meaning that for the Hermite polynomials, we have 

:i.20) D^{x) = \u\^^^K{x), 

thus by linearity can be extended to any polynomial. 

The Riesz fractional derivate with respect to the Gaussian 
measure was first introduced in [6]. For more detail we refer to 
that article. Also see [8] for improved and simpler proofs of 
some results contained there. In the case of < /3 < 1 we have 
the following integral representation, 

:i.2i) D^f = - r^~\p,-i)fdt, 

C/3 Jo 
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where = u~^~^{e~'^ — l)du. Moreover for / G C^(]R'^), i.e. 
the set of two times continuously different iable functions with 
bounded derivatives, then it can be proved using integration by 
parts (for details see P), that 



1 r°° f) 
1.22) D^f = -^ / t-^^Ptfdt. 



Moreover, if /3 > 1, let A; be the smallest integer greater than 
f3 i.e. k — 1 < P < k, then the fractional derivative can be 
represented as 

1 r°° 

:i.23) D^f = - t-^~\Pt-lffdt, 

Cp Jo 

where = /o°° ^~^~^(e~" — 1)'^ du. Now, if / is a polynomial, 
by the linearity of the operators and D^, f ll.lSp and f ll.20p . 
we get 

• We can also consider a Bessel fractional derivative V^, defined 
formally as 

V^ = {I + ^f, 

which means that for the Hermite polynomials, we have 

;i.25) V''K{x) = {l + ^/\^))('K{x), 

In the case of < /3 < 1 we have the following integral repre- 
sentation, 

1 f°° 

:i.26) V^f = - t-^-\e''P,-I)fdt, 

C/3 Jo 

where, as before, C/j = u~^~^{e^^ — l)du. Moreover, if /3 > 1 
let k be the smallest integer greater than /5 i.e. k — 1 < P < k, 
then the fractional derivative can be represented as 

1 

[1.27) T^^f = - t-^~\e-'Pt - 1)' f dt, 

^13 Jo 

where = u^^~^{e~^ — lYdu. 



The Gaussian Besov-Lipschitz B'^^^ipfd) spaces were introduced in [9j, 
see also [8], as follows 
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Definition 1.1. Let a > 0, k be the smallest integer greater than a, 
and I < p,q < oo. For 1 < g < oo the Gaussian Besov-Lipschitz space 
Bpqild) OLf^ defined as the set of functions f G L'^i'^d) for which 



1.28 



it 



dt^ 



pad 



,dt 

\ < oo. 

t 



The norm of f E B'^^{'-)d) is defined as 



:i.29) 



pad 




it 



k—a 



d'Ptf 



,dt 



pad 



For q = oo the Gaussian Besov-Lipschitz space Bp^{'~fif) are defined as 
the set of functions f G i^^(7d) for which exists a constant A such that 



^d'Ptf, 



< At 



-k+a 



11 Q^k WP^-ld 

and then the norm of f E -Spoo(7fi) ^-^ defined as 
(1-30) ll/lk.o^=II^IU + ^^(/)' 

where Ak{f) is the smallest constant A appearing in the above inequal- 
ity. In particular, the space -B^oo(7(i) ^-^ the Gaussian Lipschitz space 
Lipo.i'jd)- 

The definition of -Bp ,j(7d) does not depend on which k > a is chosen 
and the resulting norms are equivalent, for the proof of this result and 
other properties of these spaces see [9]. 

In what follows, we need the following technical result about 1/^(7^)- 
norms of the derivatives of the Poisson-Hermite semigroup, see [9j, 
Lemma 2.2 

Lemma 1.1. Suppose f G 1/^(7^), 1 < p < oo then for any integer k 
the function || \\pad ^ non-increasing function oft, for < t < 



+00. Moreover, 
fl.31) 



, d^Ptf 
' dt>' 



\\,ad<C\\f\\,adt-\t>Q 



Also we will need some inclusion relations among the Gaussian Besov- 
Lipschitz spaces, see p]. 

Proposition 1.1. The inclusion Bpl^^lja) C Bp'-^^^l'-fd) holds if either: 

i) «i > ^2 > where qi and q2 need not to be related, or 

ii) If ai = a2 and qi < q2- 
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In [5] Gaussian Lipschitz spaces Lipa{'jd) were considered and the 
boundedness of Riesz Potentials, Bessel potentials and Fractional Deriva- 
tives on them were study. In the next section, we are going to extend 
those results for Gaussian Besov-Lipschitz spaces, but not including 
them. Thus, the main purpose of this paper is to study the bound- 
edness of Gaussian fractional integrals and derivatives associated to 
Hermite polynomial expansions on Gaussian Besov-Lipschitz spaces 
Pp,q{ld) ■ To get these results we introduce formulas for these opera- 
tors in terms of the Hermite-Poisson semigroup as well as the Gaussian 
Besov-Lipschitz spaces. This approach was originally developed for the 
classical Poisson integral, see Stein [TT], Chapter V Section 5. These 
proofs can also be extended to the case of Laguerre and Jacobi expan- 
sions. These results can be also obtained using abstract interpolation 
theory on the the Poisson- Hermite semigroup, see [14J. 

As usual in what follows C represents a constant that is not neces- 
sarily the same in each occurrence. 



2. Main results 

In the case of the Lipschitz spaces only a truncated version of the 
Riesz potentials is bounded from Lipairid) to Lipa+jsi'jd), see |B] The- 
orem 3.2. Now, we wil study the boundedness properties of the Riesz 
potentials on Besov-Lipschitz spaces, and we will see that in this case 
the results are actually better. 

Theorem 2.1. Let a > 0, (3 > 0, 1 < p < oo,l < q < oo then Ip is 
hounded from Bp gi^jd) into B'^^^{;~^d)- 



Proof. 

Let k > a + (3 a. fixed integer, / G 5^,^(7^), using the integral 
representation of Riesz Potentials fll.l6p . the semigroup property of 
{Pt} and the fact that Poof{x) is a constant and the semigroup is 
conservative, we get 

1 p + co 

Pthf{x) = YXP)]^ s^-^Pt{Psf{x)-P^f{x))ds 

1 /'+°° 

(2.1) ^ mJo ^^"'(^*+^/(^)-^~/(^))^^- 
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Now using again that Poof{x) is a constant and the chain rule, 



1 p+oo Ofc 



+ 00 



(2.2) = fM/o ^'"'"^'^^^'^ + ^)^^- 
Now, by Minkowski's integral inequality 

fik 1 r+co 

(2.3) ii_p,/^/ii^,^ - mJo 

Then, if 1 < g < oo. 



Now, as /3 > using Lemma II. as t + s > t, 



+ 00 



(/) < c,{ I / s^-'\\u^'\.,t)\\p,.dsy^y^ 



since / e 5^''?(7d). 

On the other hand, as A; > a + (5 using again Lemma 11.11 since 
t + s > s, and Hardy's inequality (12. 5p . we obtain 

{II) < C,(^'"°'t('=-(-+/^))«(^^°'/||..('=)(.,s)l|,,,^)^^)^ 
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since / G Bp^ijd)- Therefore Ipf G B^^l^ijd) and moreover 
Now if g = oo, (12. 3 p can be written as 

t 

s^-Hu^^H-A + s)\L^ds 



IP>7 

1 



oo 



Now, using that /3 > 0, Lemma [TTT| ast + s > t and since / G -Bp^oo(7d), 



On the other hand, since A; > a + /3, using Lemma [l-H as t + s > s and 
since / G Sp,oo(7d), we get 



r(/3) A;-(a + /3) 



Therefore 



and this imphes that Ipf G B'^+J{^d) and ^^(/^j/) < CA^U). 
Moreover, as is bounded operator on Uijd), 1 < p < oo, 

< \\f\\p,, + CA,if)<C\\f\\B^^^. 

□ 
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Now we want to study the boundedness properties of the Bessel 
potentials on Besov-Lipschitz spaces. In 0, Theorem 3.1, the following 
result was proved, 

Theorem 2.2. Let a > 0,/3 > then Jp is hounded from Lipairid) 
into Lipc,+p{ld)- 

Also in [9j, Theorem 2.4, it was proved that 

Theorem 2.3. Let a > 0, /3 > then for 1 < p,q < oo J'js is bounded 
from B'^^^i^a) mtoB^+^{j,). 

Therefore the following result is the only case that was missing. 

Theorem 2.4. Let a > 0, /3 > then for 1 < p < oo Jj^ is hounded 
fromB^^^i^d) tntoB^+J{^a). 

Proof. 

Let k > a + (3 a. fixed integer, / G B'^,^{jd), by using the represen- 
tation of Bessel potential (11.181) . we get 

thus using the chain rule, we obtain 

a' , - ., . . 1 /■+°° „ .ds 



this implies, using Minkowski's integral inequality, 

< f(^/ s^e-^\\u^'\;t + s)\\,,,- 



m Jo 



oo 



s 

s(^e-'\\u^'\-,t + s)\\p/' 



mJt " ^ ^'^ ' ^"'""^ 
= (/) + (//)• 

Now, as /3 > 0, using Lemma [TTT] (as t + s>t) and since / G 5^ 0^(7^), 

1 tf^ 

< — --Afc(/)r'=+" = c«Afc(/)r'^+"+^. 
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On the other hand, as k > a + /3 using Lemma 11.11 as t + s > s, and 
since / G B^^^{-fd) 



Therefore 

then Jpf G Sp^if (7d) and A^iJ^f) < CA^if). Thus, 

= \\Jf}f\\p,-y + ^kiJfif) 

< \\f\\,,, + CA,{f)<C\\f\\B^^^. 

□ 

In what follows we will need Hardy's inequalities, so for completeness 
we will write then here, see [11] page 272, 

(2.4) / ( / f{y)dyYx-^-'dx < ^ / {yfiyWy-'-'dy, 
Jo Jo Jo 

and 

p+co poo r+oa 

(2.5) / ( / f{y)dyYx''-'dx < ^ / (yfiyWf-'dy, 

Jo Jx ^ Jo 

where / > 0,p > 1 and r > 0. 

Now, we will study now the boundedness of the (Riesz) fractional 
derivative on Besov-Lipschitz spaces. We will use the representation 
f ll.20p of the fractional derivative and Hardy's inequalities. 

Theorem 2.5. Let 0</3<a<l, l<p<oo and 1 < g < oo then 
is bounded from Bp gi^jd) into ^^ "^(7^). 



Proof. 
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Let / G Bp gi^jd), using Hardy's inequality (12 ■4p . with p = I, and the 
Fundamental Theorem of Calculus, 

\D^fix)\ < - / s~^~'\Psfix)-f{x)\ds 
Jo 

< — / s^"-' / \^PJ{x)\drds 



cp Jo Jo dr 

1 /'+°° f) dr 

(2.6) < / r-z^lf P./(x)|^. 

cpP Jo or r 

Thus, using Minkowski's integral inequality 

/■+°° 3 dr 

(2.7) WD^fW,,, < CJ ^1-/^11 PJ||^^^_ < oo. 







dr 

?/3 



since / G 5p",(7d) C 5;_i(7d), 1 < g < oo as a > /3, i.e. D^f G ^"(7^). 



Now, by analogous argument 

r> + 00 



+00 ft+S 



— / s ^ ^ I u^^\x,r)dr ds 
cp Jo Jt 



and again, by Minkowski's integral inequality 

(2.8) \\ P,{D^f)\\ < - / s-f'-' / ||tz(^)(-,r)||,rfr^is 



Then, if 1 < g < cx), by (ESD 







^0 Jo Jt 

= r{t'-^--^^ fs-^^' r\\u^'\-,r)\\,drdsy^ 
Jo Jo Jt ^ 

{t'-^''-'^ s-'~'l \\u('\;r)\\,drdsy^ 

= (/) + (//)■ 
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Now, since r > t using Lemma fTTTl and the fact that < /3 < 1, 







t 



f°° (9^ dt 



On the other hand, as r > t using Hardy's inequahty fl2.5p . since (1 — 
a)q > 0, we get 



+ 00 



(//) < C,j^ t(M-/3)),(y^ s-^-'ds \\u^'\;r%,,dryj 



< 



Jt 



(l-a) 
Thus, 



as / e 5°^(7rf). Then, Dpf G 5°-/^(7rf) and 



< C\\f\\B^^^. 

Therefore D^f : — > -Bp^g'^ is bounded. 

Now if g = oo, inequahty fl2.8p can be written as 



1 /'H^oo /*t-\-s 

1 r+oo i-t+s ca 

+ - / ^-'-'\^ W^^PrfWAds = (/) + (//) 
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Now, by Lemma [1. 11 since r > t 



and by Lemma [TTTl since r > t, and the fact that / G B^ ,^, 

1 r+oo poo o2 

(//) < -I s-^-^l \\^PJUr,s 

/oo o2 poo 
\\^Prfh,,dr<CpA{f)t-^ j r-'^'^dr 

Thus, 

||^Pi(D^/)||,,, < t > 0. 

i.e., D^/ G i?p%^(7d) then ^(D;,/) < CA{f), and 

< CM\B^^^+C,A{f)<C\\f\\B^^^. 

Therefore Dp : ^ 5;^"^ is bounded. □ 

Now we will study now the boundedness of the Bessel fractional 
derivative on Besov-Lipschitz spaces, for < /3 < a < 1 

Theorem 2.6. Let < (3 < a < 1, 1 < p < oo and 1 < g < oo then 
Vji is hounded from Bp^^i^d) into Bp~^{pfd)- 



Proof. 
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Let / G LP^'jd), using the Fundamental Theorem of Calculus we can 
write, 

-j r+oo 

W{x)\ < - s-^-'\e-'PJ{x)-f{x)\ds 

C/3 Jo 

-I r+co -| r+ca 

< - s-^-'e~'\PJ{x)~f{x)\ds + - s~^-'\e-^-l\\f{x)\ds 

C/3 io Jo 

< — / s^^-^l / ^Prf{x)dr\ds + — / s-f^-^le-' -l\\f{x)\ds 
cp Jo Jo or cp Jo 

< — s'^-^ \-^Prf{x)\drds + — s-^-^\e-' -l\\f{x)\ds 
C/3 Jo Jo or cp Jo 

= -/ \^Prf{x)\drds+\f{x)\- 
C/3 Jo Jo or Cfi Jo 

hOO pS O 1 /• + 00 /-s 



P,/(x)|rfrds+ / s-^-^\- e-''dr\ds 

Cfi Jo Jo 

s-^-^y |^P,/(x)|drds + — J ^'^'j e-^'drds. 



C/3 Jo Jo or cp 

Now, using Hardy's inequality (12. 4p . with p = 1, in both integrals, 
we have 

\Vpf{x)\ < - s-^-M I P,/(x)Mrrfs + -|/(x)| / s-^-' e-'drds 
C/3 io io or cp Jo Jo 



"+00 



1 f^°° 8 1 

< / r\—Prf{x)\r-^--^dr + \f{x)\ / re'V-^-^r 

Jo or 13 cp Jo 



13 cp 

PC/3 Jo '^'^ r f3cp Jo 



+00 



r'-^\^Prfix)\- + — r(l - 



(3cp Jo Or r (3cp 

Therefore, using the Minkowski's integral inequality 

1 f) dr 1 

\W\\P < ^ / ^'''\\Yr^rfh-+^ni-mf\\. < C^\\fh^^^ < 00, 



since / E B^g{-fd) C Pp,i(7d), 1 < g < 00 as a > /3, i.e. Dpf e LP{-fd)- 

On the other hand, using the Fundamental Theorem of Calculus and 
using Hardy's inequality (12.41) . with p = 1, in the second integral we 



16 A. EDUARDO GATTO, EBNER PINEDA, AND WILFREDO O. URBINA 

have, 

+- / s-^-'\e-^-l\\^Ptfix)\ds 
cb Jo ot 



< 1/ . 



\^,Prf{x)\drds 

1 (9 1"°° 
+-\-P,f{x)\ / s-P-^ / e-^drds, 
Cb ot Jo Jo 



1 poo pt+s o2 

< - / s-^-' / \^PJ(x)\drds 
Cp Jo Jt or^ 



Therefore, by Minkowski's integral inequahty 
(2.9) 



Then, if 1 < g < oo, by (12. 9p Minkowski's integral inequality, we get 

(/°°(''-'"-«ll|^'.I'/>/ll.,7)'f)'" 



'-/3 JO ^0 Jt c>r I 



/3c/3 Jo dt 
= (/) + 

Now, the first term is the same as the one considered in the second 
part of the proof of Theorem 12. 5[ thus by the same argument 

since / G Bp^l'jd), and for the second term trivially 
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since a > a — (3 and the inclusion relation, Proposition 11.11 
Thus if 1 < g < oo, 

i.e. Vjsf G B^~^{jd) and moreover 

If g = oo, using the same argument as in Theorem 12. 5[ inequality 
(12. 9 p can be written as 

(9 1 1"°° /"^^^ (9^ V(\ - B') 8 

< c,,^A(/)ri+--^ t>o 

i.e. G i?°-^(7d) and A{Vpf) < C^,pA{f), thus 
\\Vpf\\^^-j = \\Vpf\\,,, + A{Vpf) 

< C^\\f\\B^^^+C2A{f)<C\\f\\B^^^. 

□ 

Now we will consider the general case for fractional derivatives, re- 
moving the condition that the indexes must be less than 1. We need to 
consider forward differences. Remember for a given function /, the fc-th 
order forward difference of / starting at t with increment s is defined as, 

Aj(/,t) = gQ)(-W(t+(A:-J». 

The forward differences have the following properties (see Appendix in 
[5]) we will need the following technical result 

Lemma 2.1. For any positive integer k 

i) A^(/, t) = A^HA.(/, ■),t) = A,(A^i(/, ■), t) 
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ii)Aj(/,t)=/ / - / / f^^\vk)dvkdvk-i...dv2dvi 

For any positive integer k, 

(2.10) ^(A^(/,t)) = fcAri(/',t + .), 
and for any integer j > 0, 

(2.11) ^(A^(/,t)) = A^'(/^\t). 

Observe that, using the Binomial Theorem and the semigroup prop- 
erty of {Pt}, we have 



t /(^) 

iyu{x,{k-j)t) 



j=0 ^-^^ j=o 

(2.12) = A'l{uix,-),0), 



where as usual, u{x,t) = Ptf{x). 

Additionally we will need in what follows the following result. 

Lemma 2.2. Let f G L^{'~fd), 1 < p < oo and k,n then 

\\A':{u^''\t)\\,,,^<sV'^-\-Mp,., 



Proof. From ii) of Lemma I2.H we have 

Aj(M(")(x,-),t)= / / ... / / u^^^''\x,Vk)dvudvu-i...dv2dvr, 



then, using Minkowski's integral inequality fc-times and Lemma [l-H 

||A^(w('^),t)||,,,, < ... / \\u^'+^'\;Vk)\\p,,,dVkdVk-l...dV2 

Jt Jvi Jvk-2 Jvk-l 

ak+n 

□ 

Let us start with the case of the Riesz derivative. 

Theorem 2.7. Let < (3 < a, l<p<oo and 1 < g < oo then 
is bounded from Bp^^i^d) into B^~l^{pfd). 
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Proof. 

Let / G B^gi'jd), using fl^l^ . Hardy's inequality (ED, p = 1, the 
Fundamental Theorem of Calculus and iii) of Lemma 12. we get 

1 r+co 

\D^fix)\ < - / s~^-'\A'Mx,.),0)\ds 
Jo 

< — / s-^-' / \^A';.{u{x,-),0)\drds 



C/3 Jo Jo 9r 

< -w- / r-^|^A^(M(x,-),0)Mr 



+ 00 

r-'^|A^'^(M'(x,-),r)|rfr. 



k 

(3 c 13 Jo 

Now, using Minkowski's integral inequality and Lemma 12.21 



k 



+ 00 



since / e 5-^(7,) C <i(7d), as a > /3. Therefore, D^,/ G LP{^a). 
On the other hand. 



i=0 



Thus, if n be the smaller integer greater than a, i.e. n — 1 < a < n, 
then by Lemma 12.11 iv) , 

an 1 r+oo Cjn 

:Pt{D,f){x) = - s-^-' — {A^{u{x,-),t) 



1 r+oo 

= — / s-^~^A';{u'^'''\x,-),t)ds. 

C/3 Jo 

and therefore, by Minkowski's integral inequality 

an 1 r+oo 

(2.13) < -y^ s-^-'wA'.iu^-Km.^.ds. 
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Now if 1 < g < cx), by (l27[3ll . 

C/3 Jo Jo t 

cp Jo Jt t 

= (I) + (I I)- 



Then, by Lemma [2.21 



1 f)n+k ft jA. 



since / G Bp^i^d), and by Lemma [HU 



j=0 

r)k roc pin r+oo 7. 

ofc /-oo on 1 / 

c/3/3 Vo <9t" '"^'^^ t ' 

since / G 5^,g(7<i)- Therefore, if 1 < g < cx), L'/j/ G B^'f^i'jd), and 
moreover. 

Thus, Dpf : 5;^^ ^ 5;^^/^ is bounded. 
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If g = oo, inequality (12.131) can be written as 



p 1 /■* 



and then as / G -Bp oc Lemma [521 

1 pt an+k 



and as above, by Lemma [LI 

k 



{II) < - r°°.-^-HX^f^)||nW(,t + (fc-j»|yrf. 



hoo 



□ 

There is an alternative proof of the fact that Dpf G L^i'Jd) with- 
out using Hardy's inequality following the same scheme as in the proof 
of i) Theorem 3.5 in [5], using the inclusion ^ C BpJ^ with /3 + e < k. 

Theorem 2.8. Let < (3 < a, 1 < p < oo and 1 < g < oo then 
is bounded from ^^ ,^(7^) into Bp~^{;~^d)- 

Proof. 

Let / G -Bp^g(7d), and set v{x,t) = e~^u{x,t) then using the Hardy's 
inequality (12.41) . the Fundamental Theorem of Calculus and iii) of 
Lemma 12.11 

\Vpfix)\ < - / s-^-'\A'Mx,.),0)\ds 

(^13 Jo 

< - / s-^-^ / \—A^M^,-),0)\drds 



Jo Jo dr 



k 



+00 



^ IT- / r-^\A';-\v\x,-),r)\dr 
pcp Jo 
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and this implies by Minkowski's integral inequality 
Now, using Lemma [2. II 

nvi+r rVk-2+r 
... / \\v''''\-,Vk-i)\\p,jdvk-idvk-2--dv2dvi 
-1 

and by Leibnitz's differentiation rule for the product 

3=0 ^"'^ 



\P,ld 



P.7- 



Then 



) / ••• / e-'"'-'\\u^''-^\-,Vk-i)\\p,^dvk-idvk-2--dv2dvi 
j=o ^-^^ 



Therefore 



PC/3 Jo 



r'=-^-V||/||p,A 
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Thus 



15 cp 



+ ll/llp,7 < 



since / G B^^i^id) C B^^\-fd) as a > /3 > /3 - j > 0, for j G 
{0,...,fc-l}, then Vpf eU{^d). 

On the other hand, 
P,(e-P, - Iff{x) = (^) i-iye-^'-Mx, t+{k- j)s). 

■i—n V J / 



3=0 

Let 77, be the smaller integer greater than a, i.e. n — 1 < a < n, we 
have 

at" 



nn 1 /•+00 «^ /T\ 



e 

t /• + 00 



t /• + 00 

C/3 Jo 



C/3 7o 

where w{x^ t) = e~'u^"-\x,t). Now using the Fundamental Theorem of 
Calculus, 

an t r+co 

—P,{V,f){x) = -J^ s-^-'A';{w{x,-),t)ds 

t r+oo ps o 



s'^'' / — A^(u7(x,-),t)rfrrfs. 

C/3 Jo Jo 

Then, using Hardy's inequality (12. 4p . and iii) of Lemma [2.11 

an t r+oo o 

I— P,(D,/)(x)| < -J^ s'^"' j^\-At{w{x,-),t)\drds 

t r+oo o 
L„i p+oo 

= — / r-^|A^i(w;'(x,-),t + r)Mr 

C/3P Jo 
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and by Minkowski's integral inequality we get 



)n Upt r+oo 



Now, by analogous argument as above, Lemma [2. II and Leibnitz's pro- 
duct rule give us 



i=o 

and this implies that 

k 



Thus 
(2.14) 

Qn 
II — 



-P,{V,f)\\,,, < Q) / r^-^-^e-n|n('=+"-^)(-,t+r)||,,,rfr. 



j=0 

Now if 1 < g < oo, using f l2.14p we have. 



('"-'■'-"'llir^'.(»^/)ll-)7) 



For each l<j<A;, 0<q; — /3 + A; — j<a and by Lemma ILII 



Jo Jo t 

POO P+OO 7. 

< ( / (r-("-^)|hi("+'-^')(-,t)||p,7 / r'-^-'e-'drY-Y^' 
Jo Jo ^ 



r(fc - /?)( r (r+('=-^-)-("-^+'=-^-)||M("+'=-^')(-,t)||p,^)'^)'/'^ < oo. 



as / G 5- (7rf) C B^r/^'^'"'\^a) for any < j < A;. 
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Now, for the case j = 

idt 
T 



5 

oo r+oo 



Jo Jo ^ 

< ( r [e-^-P) r/-/3-Vn|u("+'=)(-,t + r)|Mr)^-) 

/•oo /' + 00 

+ ( / / r'=-/3-ie-^'||«(«+fc)(.,t + r)||p,^cir)'-) 



qdtsl/q 



Using Lemma ll.H and k > (3, 



i 
Jo io ^ 

since / G -Bpg(7d) and n + fc > a and for the second term, using Lemma 
11.11 and Hardy's inequahty (12. 5p 

(//) < ( / / r'^-/^-i||,,("+'=)(.,r)||p,»^-)'/^ 

io Jt t 

since / e 5^,g(7d)- 

Therefore P^/ G Bp'^ipfd)- Moreover 



j=0 

Finally, if g = oo, from the inequality f l2.14p 



and then, the argument is essentially similar to the previous case, as 
we did in the last part of the proof of Theorem 12.71 
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□ 



Observation Let us observe that if instead of considering the Ornstein- 
Uhlenbeck operator (11. 2p and the Poisson-Hermite semigroup (ll.7p we 



consider the Laguerre differential operator in 



(2.15) >C" = ^ 



=1 >- 



OX7 OXj 



and the corresponding Poisson-Laguerre semigroup, or if we consider 
the Jacobi differential operator in (— 1,1)*^, 

d r 

(2.16) £"'^ = -^ 



o 
)^ + - - («i + A + 2) a^i) 
=1 ' 



and the corresponding Poisson-Jacobi semigroup (for details we re- 
fer to [15]), the arguments are completely analogous. That is to say, 
we can defined in analogous manner Laguerre-Besov-Lipschitz spaces, 
and Jacobi-Besov-Lipschitz spaces then prove that the corresponding 
notions of Fractional Integrals and Fractional Derivatives behave simi- 
larly. In order to see this it is more convenient to use the representation 
(11. 7p of Pt in terms of the one-sided stable measure fi[^^'^\ds), see [9]. 
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